The XYZ spin chain with boundaries is studied. We construct the vacuum state by the vertex operators in the level one modules of the elliptic algebra, and compact it through a geometric symmetry of the model called the turning symmetry. From this simplified expression the "finite size formula" for magnetizations in the bounded and in the half-infinite chains is deduced. Applying this formula we calculate the spontaneous magnetization in the bounded XYZ model.
Introduction
The one-dimensional Heisenberg spin chains are exactly solved with the aid of the YangBaxter equations and are classified by the genus of those solutions. For instance, the XXZ spin chain is realized by its trigonometric (genus-0) solution, which is controlled by quantum affine algebra U q ( sl 2 ). Its representation theory further yields the idea of the vertex operator (VO), which enables us to compute the correlation function of the XXZ model [1, 2] .
Similarly there is a model corresponding to the elliptic (genus-1) solution of the YangBaxter equation called the XYZ model. This is defined in terms of the elliptic algebra A q,p ( sl 2 ) [3, 4] . As an analogy of quantum affine algebra the VO attached to the elliptic algebra is also introduced. By using the elliptic VO the difference equations and the integral expressions for correlation functions are found [5, 6] .
The vertex operator approach is valid for the half-infinite chains with a boundary; the VO indicates the half-infinite spin chain and the transfer matrix is then composed by the VOs [7, 8] . In this formulation the correlation function is shown to obey a qdifference equation called the boundary q-KZ equation, similar to the quantized KnizhnikZamolodchikov (q-KZ) equation [9, 10] . The magnetization is calculated by solving it.
It has been shown that the eigenstates in the finite XXZ chain with boundaries can be defined by using the VOs [11, 12] although the VO indicates the half-infinite chain. There, the transfer matrix for the bounded chain is derived from the boost operator of the boundary q-KZ equation. Furthermore, by noting the geometric symmetry of the model, the spontaneous magnetization in the thermodynamic limit has been calculated, and a relation for magnetizations in the bounded chain and in the half-infinite chain has been obtained. This relation enables us to compute the magnetization in the bounded chain from that in the half-infinite chain. We here remark that the VO has been already extended to the elliptic case. One may construct the eigenstates in the XYZ model by the elliptic VOs in the same way as the XXZ model if there exists a similar relation for magnetizations in the XYZ model.
In the paper we generalize the relation in the XXZ model and show the "finite size formula" in the bounded XYZ model (see (3.27) ). We study the following XYZ Hamiltonian with boundary magnetic fields,
The anisotropic parameters Γ, ∆ are related with p, q and the boundary magnetic fields f 1 , f N are determined by an extra parameter r (see (4.13) and (4.14)). In Section 2 we introduce the elliptic VO and express the eigenstates of the model in terms of the VOs. We also introduce the idea of the turning symmetry, which is a geometric symmetry in the bounded XYZ spin chain without magnetic fields. In Section 3 we consider two infinite chain limits; the half-infinite chain limit and the thermodynamic limit. In the former one of the boundaries vanishes and in the latter the both boundaries remain. We formulate the magnetizations in the both cases and derive the finite size formula (3.27). In Section 4, using this formula, we calculate the spontaneous magnetization in the bounded XYZ model.
Vertex Operators and Turing Symmetry

Vertex Operator Expressions of Vacuum States
We define the VO in the level one modules of the elliptic algebra A q,p ( sl 2 ) to be the intertwiner with a map
where F (i) (i = 0, 1) are the half-infinite paths
and V = Cv + ⊕ Cv − is the evaluation module. Paths ⊗ ∞ k=1 v (−) k+i (i = 0, 1) are called the ground states. The VO obeys the following commutation relation,
3)
The R-matrix R i,j (ζ) is the intertwiner in A q,p ( sl 2 ) with a map End C (V i ⊗V j ) and satisfies the Yang-Baxter equation (see (3.9) ). Let us construct the eigenstates of the bounded XYZ model. We need not only the VOs but the boundary states |W (i) ∈ F (i) and (i) V | ∈ F * (i) that satisfy the following defining relations,
Here K(ζ; r) is the boundary K-matrix for the XYZ model with a map End C (V ) [13] . Factors Λ V (ζ;r) are determined later (see (3.24) ). With the boundary states |W (i) and (i) V | we express the eigenstates in the XYZ spin chain by
where we have assumed that the number of sites is even for simplicity. It is obvious that the state (2.6) is indeed the eigenstate for the model: from the commutation relation (2.3) and the defining relations (2.4), (2.5), it can be deduced that
with the boost operator
We then show that the boost operator (2.8) is the transfer matrix for the XYZ model. Let h i,i+1 be the local element of the Hamiltonian on the site (i, i + 1). The following relations 10) implies that the derivative of the boost operator generates the XYZ Hamiltonian,
Here P i,j is the permutator: 
with the boundary states
being defined by the relations,
By definition the dual state obeys
For the XXZ model the states constructed by the VOs like (2.6) and (2.12) are known to be the vacuum states [12] . We assume that the states (2.6) and (2.12) correspond to the vacuum states in the XYZ model. We point out a similarity between the transfer matrix (2.8) and the boost operator of a boundary q-KZ equation [12] . The boundary q-KZ equation is a difference equation like (2.7) that the correlation function in the half-infinite XYZ spin chain satisfies. (In the boundary q-KZ equation "|ζ 1 , . . . , ζ N " play a role of the correlation function.) Its solution is given in terms of the VOs [8] . In the bounded XYZ spin chain, making use of such a similarity, we have successfully constructed the vacuum states by the vertex operator approach.
Turning Symmetry
The spontaneous magnetization is generated in the states with no boundary magnetic fields. Notice that such states are invariant when they are turned over. We call this geometric symmetry the turning symmetry and consider only the vacuum states satisfying this symmetry. Since a parameter r is inverted when the corresponding boundary magnetic field is reversed (see (4.14)), the following relation holds:
We have denoted the parameter r dependence explicitly. This relation implies that
The turning symmetry plays a central role in the analysis of the bounded XYZ model.
3 Finite Size Formula in the Infinite Chain Limits
Half-Infinite Chain Limit
It is important in physics to consider the infinite chain limit. First we consider the halfinfinite chain limit, which means that one of boundaries vanishes. The vacuum states are then expressed by
Hereafter the label (1 − i, i) on the VO is omitted unless this omission induces confusion. By using the states (3.1) and (3.2) let us calculate the vacuum expectation value of an operator O on the site m. We define its action by
Decomposing the VOs into the vector forms
and taking care of the unitarity relation [3, 4] 
we get the following vacuum expectation value of O,
The attached subscript ∞ indicates the half-infinite chain limit. Apart from a normalization this expectation value is equal to that already obtained in [8] . The magnetization at a boundary is then written by
with P (i)
In return, in order to deduce the expectation value (3.5), we have defined the dual state (2.12) by using the dual VOs. This P
obeys the boundary q-KZ equations (4.16) and (4.17) . By solving these equations P
Baxter's Formula
Next we consider the thermodynamic limit such that the both boundaries survive. Due to a boundary state (i) V | one can not utilize the unitarity relation (3.4). To deal with the infinite product of the VOs directly, we interpret the VO as the half-infinite product of the R-matrices,
where we have set R j,k (ζ) = R j,k (ζ)P j,k . The R-matrices for sufficiently large N describe the ground state ⊗ ∞ k=1 v (−) k+i . From the interpretation (3.8) some formulae for the asymptotic form the VO are derived [1] . We start from the Yang-Baxter equation
(3.9)
Differentiating it at ξ = 1 yields
Multiply j R 1,2 (ζ) · · · R j−1,j (ζ) from the left and R j+2,j+3 (ζ) · · · R N −1,N (ζ) · · · from the right. Summing it over j = 1, . . . , N, . . . we get
. By integrating this equation over ζ the following formula is deduced,
Further Baxter discovered that the corner transfer matrix
is simply expressed as 14) owing to ignoring contributions of the ground state [14] . We call this the Baxter's formula. The formula (3.12) and the Baxter's formula (3.14) lead us to the asymptotic form of the infinite product of the VOs as follows. The R-matrices belonging to the VOs at sufficiently far sites are in the ground state, in the same manner as very far R-matrices of the VO are in the ground state. Therefore, the upper triangle sector in the huge products of the R-matrices, or the infinite product of the VOs, is certainly in the ground state ( Figure 1 ). Since there is no contribution of the ground state in the Baxter's formula, we have
where ζ B stands for the spectral parameter in the balk part. The VO near the boundary state remains because the VO can not be decomposed into the R-matrices for the sake of the defining relation (2.4). Let us consider the VOs near another boundary. Note that the states satisfy the turning symmetry. They are realized as products of R-matrices and 90
• -rotated matrices, which are given by the crossing symmetry R(ζ) rot = R(−q −1 ζ −1 ). (The symbol rot means the rotation.) Hence, noting the relation (3.12), we can simplify the vacuum state in the thermodynamic limit as follows (Figure 2) ,
Here we use the rotated VO related with Φ ǫ (ζ) rot = Φ −ǫ (−q −1 ζ). We have obtained a compact expression (3.16) for the vacuum state.
To verify this simplification we consider the infinite chain without boundaries. The vacuum state of such chain clearly satisfies the turning symmetry and is expressed by the infinite product of the VOs. In the same way as above we have
This is equal to the vacuum state obtained by the original methods based on the corner transfer matrix [1, 5, 14] . Similarly the dual vacuum state is reduced to
The turning symmetry is realized by the product of the R-matrices and the 90 • -rotated matrices. Note that the direction of the horizon arrow corresponds to the order of the spectral parameters and it is reversible (see the last line of (2.16)).
With these expressions, in the thermodynamic limit, the magnetization of the bounded chain is written by
This is the magnetization at a boundary. Using the fact that Φ(1) corresponds to the translation operator (recall (3.8) and give care to R(1) = P ), one can obtain the magnetization at any site.
Finite Size Formula
One may find that the simplified expressions of the states (3.16) and (3.18) are similar to P (i) ǫ (ζ 1 , ζ 2 ) appeared in the half infinite chain limit (3.7). We show that they are indeed the same.
In the half-infinite XYZ chain [8] , through the defining relations (2.4) and (2.13) for |W (i) and (i) W * |, the factor Λ 
where (1 − zt
With this Λ(ζ; r), from the explicit expression of the boundary K-matrix (4.11), the following relation is derived,
Applying this relation to the defining relation of the boundary states (2.4), (2.5), (2.13) and (2.14), and using the turning symmetric relation (2.17), one can get the following identities, 24) and
By the identities (3.25), the states (3.16) and (3.18) are related to P
Recall the expressions of the magnetizations (3.6) and (3.19) . From the identification (3.26) we conclude the following formula in the bounded XYZ model:
We call (3.27) the finite size formula. The finite size formula, which relates the magnetization in the bounded model with that in the half-infinite model, generally holds in the spin chains satisfying the turning symmetry, for example, the XXZ model with boundaries [12] . Let us consider on the q-KZ equation. Originally, the half-infinite XYZ spin chain was formulated by the VOs based on the corner transfer matrix method, and its correlation function was shown to obey the boundary q-KZ equation as (2.7) [8] . By solving the boundary q-KZ equation the two-point function is computed. On the other hand, making use of a similarity between the transfer matrix (2.8) and the boost operator of the boundary q-KZ equation, we have constructed the vacuum state by the vertex operator approach. The roles of the q-KZ equation are clearly different. However, discovering the turning symmetry, we have obtained similar two-point function in the bounded model. There, the boundary q-KZ equation is again useful for calculating the two-point function in the bounded model. It can be said that, by virtue of the geometric symmetry of the model, the q-KZ equation retrieves its original roles and yields the finite size formula (3.27 ). This formula gives us the magnetization in the bounded chain by that in the half-infinite chain.
Spontaneous Magnetizations in the XYZ Model
The XYZ Model
Let us calculate the spontaneous magnetization in the XYZ model. We introduce the following parameters,
where K and K ′ are the complete elliptic integrals of the first kind. The region of parameters is restricted to 0 < p 1/2 < −q < |r| 1/2 < |ζ| −1 < 1 for the boundary condition of paths (2.2). We use both "multiplicative" parameters p, q, ζ, r and "additive" parameters λ, u, α for the elliptic nome p on an equal footing. We define the actions of the R-matrix and K-matrix by
Then the non-zero matrix elements of R-matrix are
where
∞ is the modulus of elliptic functions
and
In the limit p → 0 the model reduces to the XXZ model. The boundary K-matrix is given by [15] From these explicit expressions of R-matrix and K-matrix, the anisotropic parameters and the boundary magnetic fields of the XYZ Hamiltonian (1.1) are determined by
13)
Here we have used the turning symmetric relation (2.17) . Recall that λ and α are related to p, q and r by (4.1). The boundary magnetic fields vanish when r = −1.
Spontaneous Magnetizations
To calculate the spontaneous magnetization, we put r = −1 and consider a function coupled with vectors,
Here and hereafter the label i is omitted because there is no difference for i = 0 and 1; Λ (0) (ζ; −1) = Λ (1) (ζ; −1) = 1. This function obeys the boundary q-KZ equations
By use of new functions,
the boundary q-KZ equations are simply expressed by
These difference equations are exactly solved [8] and F ǫ (ζ 1 , ζ 2 ) is given by
Substituting −q −1 and 1 into ζ 1 and ζ 2 respectively, we find the spontaneous magnetization in the half-infinite chain,
Applying the finite size formula (3.27) we obtain the spontaneous magnetization in the bounded XYZ model:
(4.26)
In the limit p → 0 this degenerates into the result in the XXZ model [12] . The magnetization (4.26) is roughly twice as large as that in the half-infinite chain (4.25), when the anisotropies Γ and ∆ are in the neighborhood of 0 and −1, respectively. We conclude that the finiteness of the model enhances the magnetization.
Conclusion
We have shown that the vertex operator approach is valid for the bounded XYZ spin chain. Further, considering the turning symmetry, we have proved the finite size formula (3.27) . By the virtue of the finite size formula the magnetization in the bounded chain can be derived from that in the half-infinite chain. We have thus obtained the spontaneous magnetization (4.26) in the XYZ model with boundaries. In [12] it is shown that the excited states are composed by use of the VOs of another type (VOs II). To investigate the energy spectrum of excited states in the XYZ model one needs the explicit expression of the VO II. Recently, an elliptic algebra U q,p ( sl 2 ) for the elliptic RSOS model has been bosonized, and the VOs I and II have been given in the free field expressions [16, 17] . (The VO appeared in this paper is the VO I.) Referring to this result may enable us to deal with the VO II of A q,p ( sl 2 ) directly.
We have interpreted the boost operator of the boundary q-KZ equation as the transfer matrix and have expressed the eigenstate in terms of VOs. Applying the Baxter's formula (3.14) to such expression of the eigenstate we have obtained its asymptotic form (3.16) . In return, this means that we have indeed given the asymptotic form of solution of the q-KZ equation. In particular we have found the asymptotic form of the Smirnov's form factor, which was developed in the integrable quantum field theory [10] . We must make clear a new idea for the q-KZ equation, which corresponds to the turning symmetry in the bounded model.
Up to the present, only the one-dimensional Heisenberg spin chains have been considered. The models in higher-dimensions do not satisfy the Yang-Baxter equation, which ensures solvability. However, in our method, one can take the VO for a site of spin chain itself, likewise the R-matrix in the vertex model. Therefore we expect that the twodimensional products of the VOs describe the eigenstates in the two-dimensional Heisenberg spin lattice. There, the Yang-Baxter equation does not play a central role for finding the energy spectrum. The commutation relation between VO I and VO II determines the energy spectrum and may give self-consistency equations similar to the Bethe equation. By using the VOs and also considering geometric symmetries besides quantum groups, new two-dimensional models may be analyzed.
